776

ATAA JOURNAL

Three-Dimensional Effects in Viscous Wakes

MarTiN H. STEIGER* AND MarTIN H. BrooMT
Polytechnic Institute of Brooklyn, Farmingdale, N. Y.
and General Applied Science Laboratories, Inc., Westbury, N. Y.

Three-dimensionality in wakelike or jetlike free mixing may stem from initial geometric
configurations, nonuniformities in flow variables over a cross section, or boundary conditions
along the flow. These may be generated by bodies at angle of attack, nonaxisymmetric
bodies, mixing of nonaxisymmetric jets with an outer flow, finite wings, or more artificial
means. This paper is devoted to studies bearing on such configurations. The first section
deals with the general mathematical model, in which the boundary layer approximations
are used, and with methods of solution. Laminar and turbulent flow, compressibility, un-
steadiness, and streamwise pressure gradients are admitted initially. The flux forms of the
equations are given. Algebraic integrals of the energy equations and the diffusion (frozen-
flow) equations are obtained. A simplification of the convective terms, roughly corre-
sponding to the Oseen approximation, is used in the asymptotic downstream region.
The second section contains explicit solutions for specific configurations, in particular
for flows whose initial isovels are of elliptic shape. These flows may be wakelike or jetlike.
Compressibility is admitted; however, the flows must have uniform pressure and must be
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steady. The final section deals with interpretation and evaluation of the results.

Nomenclature

g

associated with dissociation and ionization energies
eccentricity

le? + 4s][1 + 4s]™*

static enthalpy (b = Za;h;)

stagnation enthalpy, H = h + u2%/2

[1 + 4s]7!

= pure constant of order 102

constant characteristic length [see Eq. (26)]
Lewis number

non-negative integer, m = 0,1,2 . . .

Prandtl number

gram-mole weight of species ¢

universal gas constant

see Eq. (14a)

transformed axial coordinate

= time

absolute temperature

axial velocity component

axial velocity defect (& = w. — )

crossflow velocity components (see Fig. 1)
net rate of production of species 7

axial coordinate

cross-plane coordinate components (see Fig. 1)
mass friction of species ¢

viscous layer thickness

viscous layer thickness in the plane z = 0
viscous layer thickness in the plane y = 0
minimum transform viscous layer thickness
measure of the initial eccentricity [see Eq. (23)]
turbulent eddy viscosity

7y transformed normal coordinate

n; = value of n when y = &

Aj vibrational energy of species j
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“ = coefficient of (laminar) viscosity

v = kinematic (laminar) viscosity (v = u/p)

p = density

pr = reference density (may be a function of x)

G,01 = transformed normal coordinate

o = value of 0 whenz = §

) = (te — u0)/(ue — uaoc)[see Eq. (25)]

Subscripts

¢ = conditions at an initial station

e,8 = Jocal value at outer edge of viscous layer;
can be equivalent to «

tix!yiz;

It

$,81,1,11,0,01 differentiation with respect to indicated

variable

0 = conditions along the x axis

® = freestream undisturbed flow conditions

Superscripts

J = j = 0 for laminar flow; j = 1 for turbulent
flow

m = non-negativeinteger,m = 0, 1,2, ...

bar = nondimensionalization with respect to ex-
ternal conditions g = p/pe, & = w/ue,

&= u/u.,ete.

I. Introduction

HE aim of this paper is to continue an investigation

started by Steiger and Bloom!~® concerning some char-
acteristics of three-dimensional (nonaxisymmetric) wakes.
Considerations are limited to flows in which the Prandtl
boundary layer approximations may be made. That is,
the crossflow velocities »,w are assumed small compared to
the axial velocity u, and the crosswise pressure variations are
assumed to have a negligible influence on the axial momen-
tum balance. The governing equations are set down by
familiar order of magnitude reasoning of boundary layer
type.

The paper is divided into three main sections. The first
includes the governing equations, algebraic integrals of the
energy and diffusion equation as functions of the velocity
(for Lewis and Prandtl numbers of unity and negligible
chemical rates), a set of differential integral flux equations
that involve only the axial velocity and the state of the gas,
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and solutions for both incompressible and compressible,
laminar or turbulent flows including streamwise pressure
gradients. The steady, incompressible constant pressure
case, treated in Ref. 1, is extended here to admit pressure
gradients. A crossflow solution also is examined briefly.

One type of mathematical simplicity in treating the elliptic,
nonlinear equations is achieved by considering flows wherein
decrements or increments with respect to the inviscid ve-
locity u. are sufficiently small to permit the linearization of
the acceleration terms (excluding density). The lineariza-
tion of these terms is in the sense of Oseen and others (see,
e.g., Refs. 4 and 5). Second approximations, correctives
for the effect of neglecting nonlinear acceleration terms, are
discussed in Ref. 1. ‘

It is important to observe that in the incompressible case
the Oseen approximation completely linearizes the governing
equations, and transform methods yield exact solutions for
general types of initial conditions.

On the other hand, in compressible flow the governing
equations remain nonlinear due to the density variations,
and more approximate techniques must be used to achieve
solutions of even the simplified equations. It can be shown
that the useful density transformation, which is employed to
simplify the solution of two-coordinate boundary layer prob-
lems, does not lead to simplification if applied rigorously to
three-dimensional problems of the present type. However,
it is suggested here that compressibility effects may be ac-
counted for approximately by means of an analogous type
of transformation. This transformation is approximate in
the sense that it reduces to incompressible form the momen-
tum integral flux condition and the nonlinear axial momen-
tum equation evaluated along the x axis, rather than the
differential equations at all points in the flow. The Oseen
approximation permits the initial profiles to be wakelike,
with velocities less than those of the freestream, or jetlike,
with velocities in excess of those in the freestream; however,
it excludes the case of a pure jet in a motionless ambient.

The second part of the paper presents solutions for special
configurations, namely, elliptic wakelike or jetlike free mixing
for isobaric, steady, compressible flows. Finally, the third
part deals with the interpretation and evaluation of the solu-
tion of the elliptic wake. Additional work concerning three-
dimensional wake effects of swirl and yaw is described in
Refs. 6and 7.

II. General Consideration of the Fluid Mechanics

A. Governing Equations

A rectangular Cartesian coordinate system (z,y,2) is
adopted, as depicted in Fig. 1, with the z,y,2 components of
the velocity being u,v, and w, respectively.

The boundary layer equations assumed to govern are

Continuity
pe + (ou)s + (o0)y + (pw), = 0 (1)

Momentum

olus + wue + vuy + wu,) —Per + (wthy)y + (uu.). (2a)
o(v: + uvz T+ ooy +wv,) = —py, + (ﬂvuju 4 (pv2)- (2b)
p(we + ww, + vw, + ww,) = —p, + (Wwy)y + (uw). (2c)

where p denotes density, p pressure, u coeffieient of viscosity,
t time, subsecripts {,z,y,2 denote partial differentiation with
respect to the indicated variable, and subscript e denotes
local conditions external to the viscous region (which may be
a function of z and t).

It should be noted that the pressure gradient term in the
axial momentum equation (2a) is denoted by the subseript e,
which implies that if an axial pressure gradient does exist it
must be known from an inviscid solution or coupled to it.
Furthermore, it can be shown that, to the first-order ap-
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VELOCITY-DEFECT PROFILES
{ug-u}

‘1

Fig.1 Schematic diagram of axial flow field

proximation, p, and p, are of order (u../v.,) ~12, and, therefore,
the pressure p can be considered constant in planes normal
to the axial coordinate and equal in value to the external
pressure at its corresponding station.

For a compressible flow, the foregoing system must be sup-
plemented by the stagnation enthalpy equation, conserva-
tion of the ¢th species equations, and the usual thermodynamic
algebraic relations. For simplicity, when considering react-
ing mixtures of perfect gases (such as high temperature air),
it will be assumedf that the binary diffusion coefficients of
the several species are approximately the same, so that each
diffusion velocity is given by a Fiek’s law form. Therefore,
a single Lewis number appears, wherein the fluid properties
are those of the mixture. Likewise, a single Prandtl number
of the mixture is defined.

When considering eompressibility, the system (1-2¢) is
completed by the following equations:

Energy

plH, + uH, +vH, + wH.] — p; = I:Pﬁr Hy]u +

» B py H |
[PT Hz}z + [P’I' (PT' 1>uuyjl1/ + I:PT (PT 1)““’2]3 +
[1%‘ (Le — 1) > hiaiy:|,, + [f% (Le - 1) pI) hiaiz]z (3)

Conservation of Species ‘
plo, + uo, + vas, + was,] =
((u/PriLe o}y, + [(u/Pr)Le o] + pWi  (4)
Equation of State
p = pRTZ(a;/ M) (5)
Total Enthalpy
H=h+ 42 (6)

Enthalpy-Temperature (classical statistical mechanics)

o T 5 oy
h = RT [Z( > (A,- + 2) + 5; ] + ;alDz @)

J Z‘—[y M,

where 1 refers to each species, j refers to molecular (diatomic)
species, k refers to atomie species, and [ is associated with
dissociation .and ‘ionization energies, and where H denotes
stagnation enthalpy, & static enthalpy, Le Lewis number,
Pr Prandt! number, a; mass fraction of ith species, and T
temperature. Variables not defined in the text are defined
in the Nomenclature.

For reactions in chemieal equilibrium, Eq. (4) is super-
fluous, since each W, becomes indeterminate, being the prod-

T This approximation is discussed in Ref. 8, Appendix A.
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uct of two terms, one of which (the reaction rate) approaches
infinity while the other approaches zero. The terms that
approach zero provide an algebraic set for the species con-
centration.

Equations (1-7) govern either laminar flow or the mean
quantities of turbulent flow if, in the turbulent case, each
transport parameter is interpreted as being the corresponding
sum of the laminar transport coefficient and its turbulent
eddy counterpart. However, turbulent considerations clearly
are handicapped by a dearth of knowledge concerning the
behavior of the eddy viscosity in three-dimensional flows.
Here it is suggested that the eddy viscosity may be assumed
in the form

e = K230, 00 — w)

where §,, is taken to be the minimum transformed crosswise
dimension. This gives the proper limiting behavior in the
two-dimensional and axisymmetric limits.

B. Integrals of the Energy and Diffusion Equation
in Terms of Velocity

For steady flow [i.e., (). = 0}, direct consideration of the
governing differential equations shows that, for the approxi-
mation Le = Pr = 1.0, the Crocco integral to the energy
equation can be derived; i.e., for the pressure gradient case

H = H, = const (8a)
and for uniform pressure
H = A4 Bu (8b)

where A and B are constant satisfying the appropriate
boundary conditions and subscript ¢ denotes conditions at
an initial station. The constants, for example, can be
evaluated by prescribing that H equals Hp. and H, when u
equals up. and wu., respectively. With these conditions Eq.
(8b) can be expressed in the form

(H iand Hg)/(HOc - He) = (u - uz)/(.ul)c - ue) (8b’)

where subseript 0 denotes conditions along the z axis.
Likewise, when the chemical rates (pW;) are small com-
pared to the transport processes and can be neglected, and
moreover Le/Pr = 1.0, the following integrals to the species
equation are derived, i.e., for the pressure gradient case:

a; = a;, = const (92)
and for uniform pressure
@) = (u — u)/(woe — us) (9b)

Equation (9b) is comparable to (8b’) and satisfies the condi-
tions a; = e, and a;, when u = uo. and ue.

These integrals are valid for either laminar or turbulent
flows, as long as the proper interpretation is given to the
Lewis and Prandtl numbers.

(Oli - aie)/(aiOc -

C. Integral Flux Equations for the Axial Velocity

It is of interest now to present an infinite set of integral
equations that involve only the axial velocity and the state
variables. Thisis achieved by multiplying (2a) by u™ (where
m is a non-negative integer), integrating over the y,z plane,
and using the continuity equation. The following set thus
is derived:

% [0, + 8(lnpaw+Y), + 5*(Inum+1),] +

0z, + 0x(npiu.*?), + 85*(Inum*t) =

_ (m+ Dp fa“ f " an{ (@), + (@8).)dydz  (10)

Pelle
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where 0, = j: mj: mp@(l — amtYdydz, 6* = j: mj: ® (am —

p)dydz, 6 = f mf "B — @ dydz, 85* = f mf  (am —

pi)dydz, bars denote nondimensional quantities (5 = p/p,,
& = u/pe, & = u/u,), and it has been assumed that the fol-
lowing relation is valid:

peltie, + Ule,] = —Pe, (10a)

. Equation (10) is essential in the analysis of three-dimen-
sional free-mixing problems. It may be used in a number
of different ways, for example:

1) Part of the set can be used in conjunction with one or
more auxiliary conditions in deriving solutions by the well-
known integral method. An auxiliary condition can be,
for example, satisfaction of the axial momentum equation
along the & axis. The number of equations used must be
equal to the number of parameters in the assumed profile,
and, therefore, with the numerous equations available there
exists a large degree of freedom in selecting the profile.

2) A major problem in three-dimensional free mixing is
to account for compressibility, since there does not appear
to be a density transformation that would reduce the differ-
ential equations to an incompressible form. However, it
may be recalled that, for an axisymmetric flow, a transforma-
tion does exist which reduces the governing integral equations
to a more suitable form and, in particular, for a steady iso-
baric flow this form is identical to that of an incompressible
flow. In the three-dimensional case an analogous result is
obtained. Clearly, this admits an approximate method by
which known exact incompressible solutions can be extended
to account for compressibility.

3) Finally, the set can be used to derive higher approxi-
mations to the solutions.

In this paper use is made of method 2. Second approxi-
mations are presented in Ref, 1, whereas solutions generated
by the integral method are left for future work.

Equation (10) also admits an important result; namely,
for a steady isobaric flow the condition.m = O results in the
following relation: ’

fo wfo Tl — @) dydz = const (11)

which states that the momentum defect integral is invariant.
Thus, the well-known result for two-dimensional and axi-
symmetric flows is extended to the more general three-
dimensional case. In addition, Eq. (11) is valid for com-
pressible laminar or turbulent flow and for wakes or jets.

D. Governing Equations in the Asymptotic
Downstream Region

To achieve additional simplicity, flows are considerec
wherein decrements or increments with respect to the in
viseid velocity u, are sufficiently small to permit the lineariza
tion of the acceleration terms (excluding density) in th
equations of motion. The linearization is in the familia
spirit of Oseen and others.

By defining the velocity defect @ = w, — u and by as
suming % < ., the governing boundary layer equations be
come the following:

Continuity
pr + (ov)y + (ow). = (p#): — (pUe)» (12
Momentum

pl(@ — ue)e + (Uel)s — uMe,] = Do, + (uuy)y + (uaee).
(13¢

p[v’ + UBI)Z] = —p, + (#vv)u + (Mvz)z (13k
—p. + (ruwy)u + (ﬂwz>z (13'

fi

p[wt + uewJ]
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It is of interest to note that Eq. (13a), which governs the
axial veloeity, is uncoupled from those governing the cross-

flow components.

E. Mathematically Exact Solutions for
Incompressible Flow

For a constant-property flow, Egs. (12) and (13) are linear,
and, therefore, a solution can be derived by using transform
methods. Hereafter the discussion is limited to steady
flows.§

1. Axial flow including streamwise pressure gradient

Equation (13a) is recast as follows:
Qs = Q?]n + Qdo’ (14:)

where

Q = (auz/u'mz) - [(p/pucoz) + —%(uez/um2>] (14:&)

T — Ze s uw U
= d
L .fo [p. -+ evjl U s (14b)

p = (/LY Lue/va)?* o = (z/L)(Lus/vs)!? (14c)

where j = 0 for laminar flows, j = 1 for turbulent flows, L
defines a constant characteristic length, and subsecript «
denotes freestream (undisturbed) flight conditions. In
obtaining (14), it is recalled that the pressure p and the ex-
ternal velocity u. are only functions of 2. The bracketed
term in Eq. (14a) signifies the local stagnation pressure of the
outer flow.

Equation (14) shows that in terms of the transformed
variables the analyses for laminar and turbulent flows are
identical.

The appropriate boundary conditions are

ats =0

o = (n,0) (15a)
i—0 (15h)

as §—>» ®
and
asnp—>» ® orp—> —®
@— 0 (15¢)

g—> o« g —>»r — 0

The solutions for @(s,n,0) and the crossflow velocities » and
w, in terms of Fourler transforms, have the same form as
those given in Ref. 1.

2. A crossflow solution

Wavelike or jetlike free mixing for a steady, incompressible,
pressure gradient flow with nonaxisymmetric smallll swirl has
been examined in Ref. 6, and the essential features of the
analysis are indicated briefly here.

There are several interesting results worth noting. It is
shown® that for small swirl the pressure difference in the cross
planes is of higher order, and therefore the pressure gradient
term in the momentum balance for the circumferential ve-
locity does not appear. In addition, the equation governing
the axial velocity is uncoupled from the one governing the
swirl, the latter being affected only through ..

The boundary layer equation (in cylindrical coordinates)
for the circumferential velocity component is shown to reduce
to the following:

Vo=V,..+ 0/mV, — (V/5d) + (1/n)Ve  (16)
where n = (r/L)(ueL/2.)t?, r and 8 denote the radial and

§ Unsteady flows are omitted here to limit the scope of the
paper rather than because of any difficulties associated with their
solution. Such flows are under investigation at the present time.

Il ' The order of magnitude associated with small swirl is dis-
cussed in Refs. 6 and 9.
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circumferential coordinates, respectively, V is the circum-
ferential velocity component, and the other variables have
been defined previously.

Equation (16) is linear in V, and therefore solutions may be
facilitated by the use of transforms. Details can be found in
Ref. 6.

F. Approximate Compressible Solutions for the Axial
Velocity Distribution

In the previous section, it was shown that for a constant
property flow the governing equations can be linearized, and,
therefore, mathematically exact solutions can be derived by
transform methods. On the other hand, when compressibility
must be accounted for, the equations are nonlinear and
analogous solutions cannot be achieved. However, useful
and well-defined approximate techniques are available.
For example, in Ref. 2 Steiger and Bloom use an iteration
method in which the nonlinear terms (that is, terms due to
the compressibility) arc assumed to be known functions
of the coordinates, whereby the governing equation for the
axial velocity becomes linear but nonhomogeneous and,
therefore, amenable to solution by transform methods. The
iteration then involves an evaluation of several integrals.
However, this approach has several shortcomings, namely,
the integrals involved in the iteration are extremely cumber-
some and only one iteration is feasible, the solution can be
given in closed form only along the axis, the error incurred
in the iteration cannot be determined, and there is a range
of parameters where the iteration diverges. It can be con-
cluded that this technique yields reasonably good results
only when compressibility slightly alters the flow.

Here an approach is presented which is believed to give
more reliable results and accuracy. The method involves
the extrapolation of the incompressible solutions presented
in the previous section to compressible ones by means of
suitable coordinate transformations. The transformations
are based on the integral method and, as in the well-known
axisymmetric case,® they may be expected to involve both
the density and the viscosity.

For brevity the discussion is restricted to a steady isobarie
flow. Consider the axial momentum flux integral (11) and
the nonlinear momentum equation evaluated at the z axis,
namely,

© © p U U _
fo j: o (1 uu> dydz =
® Lo p Y u
- — — — ) dydz
l:j: j; o <1 ue> Yy Z:L (17a)
and
pPoloUp, = ,uo[uyuo + u’zza] (17b)

It is desired to generate transformations that will reduce
(17) to an incompressible form. For this purpose, let

(v N pe[ pe
'<u> J [pw,e] g as)

where p(3,£) implies that the density is a function of 8 and
£, The Jacobian of the transformation is

JW,2/8,8) = wL/u)*(p./p)"/
Therefore, Eq. (17a) is reduced to

<VEL)1/2 f © f T (mal — w)dpds = const  (19)

Ue

y=28

Likewise, introduce

v.L 1/2 n Pe ]1/2
- = 20
8 < Ue > f" [P(’h:”l) n: §=a (0
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and, since J(B,&/m,0) = @.LY%u.) (o./0)Y% Eq. (19) is
transformed to

#(1 — @)dodn, = const 2n

noting that Eq. (21) is independent of the density.
In addition, by means of (18) and (20) and the following
relation:

i e
— %, =1L —d
* . 0 [E@ + Mo] Mo . (22>
Equation (17b) is reduced to

aoﬁom = am 1, + aaxaxo

Equations (18, 20, and 22) are considered here to furnish
the appropriate coordinate transformations that apply
rigorously in integral method solutions but that may be
used also in a semi-empirical manner to extrapolate constant-
property results to the compressible regime.

Extreme care should be exercised in transforming the solu-
tion to the physical plane. This is because a direct relation
between the transverse physical (y,2) and transformed (n,0)
coordinates does not exist. This is seen by noting that in
(20) the density is a function of the coordinates 7 and o,
whereas in (18) it is a function of 8 and £ Indeed, in order
to evaluate the appropriate values of y and 2, one first must
use (20) and then apply (18) to complete the transformation.
On the other hand, the streamwise physical coordinate (x)
is directly related to (s) by (22).

For a constant-property flow, ;1 = 5, o1 = o, and 8; = s.
Therefore, the subscript 1 will be omitted hereafter.

10— SEA |
LEVEL P
10 >
N Q(K =
— L
s 10— e
A8l * A0
dei"8” i b
jdlel] °lo | p= N | P
e p /;,09 A7
—| 20 1] z )‘/ =
by = ’
le o~ 3 =
— [£s] e
= 18 =
3 == <
2 18 T
| = =7 j i
(O 102 io* o7 [

ue (feet /second)

Fig. 3 Physical length parameter for laminar flows
Upe = 04Uy = === ug, = 0.7,
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II1. Fluid Mechanics: Solutions for Special
Configurations

A. Elliptic Wakelike or Jetlike Flows; Axial Velocity

The flow is assumed to be steady and isobaric. The in-
compressible solutions have been presented in Ref. 1 and are
achieved in the following manner. At an initial station, let

(we — we)/ (e — up,) = e+ e/ (23)

where € is a pure constant that lies in the range 0 < ¢ < 1
and defines the eccentricity of the isovels (lines of constant -
velocity). Subseript ¢ denotes conditions at the edge of the
viseous layer which, in the present case, are constant and,
therefore, can be identified with the freestream conditions.

The distribution of the axial velocity defeet for s > 0 satis-
fying the boundary conditions (15) can be shown to be

(ue — )/ (ue — uo) = e R+ (/E)] (24)

where k2 = [1 + 48], E? = k*[e® + 4s], and ¢ is the dis-
tribution of velocity along the axis and is given by

€
DT U F )@ + 492

Figure 2 shows the variation of the velocity defect (25) along
the axis for various values of e.

The extrapolation to the compressible regime is achieved
by using Egs. (18, 20, and 22).

The characteristic length ()1 Is, in general defined by the
initial conditions, that is, by using a familiar definition of a
viscous layer thickness, namely, in the plane z = 0, y = &,
when u = u; = 0.99u,. With Eqgs. (18, 20, and 23) it is seen
readily that

. 61c2ue ns§ Pe 12 2
L= Ve \:ﬁ {p(ma = 0)} dn]c (26)

75,2 = In{100[ (v, —

(25)

where

to,) /ue1} (26)

IV. Discussion of the Solution

Some results of the solution of the compressible, steady, uni-
form pressure elliptic wake are presented first for laminar
flows and then for fully turbulent flows. The solution is
given by Eqs. (5-7, 8b’, 9b, 18, 20, 22, and 24--26).

A. Laminar Flow

In the laminar case j = 0, and Eq. (22) yields, for the rela-
tion between the physical and transformed streamwise
coordinate, the following:

B e
Y
uealc 0 fo

— 27)
v, LR pe 12 2
U {pw,a = 0)} d”]c

Equation (27) is consistent with the qualitative reasoning,
which indicates that the diffusion times of order §2/v and the
corresponding diffusion lengths of order 82u./r will be short-
ened by the effects of compressibility, which increases the
mean value of ».

It is of interest to estimate a parametric set of curves to
assist in the evaluation of laminar wake lengths. To achieve
simplicity and generality in executing the required trans-
formation, an approximate profile for the density is assumed
directly in lieu of the more precise but cumbersome exact
expression, # namely

r — X =

# Several numerical exact calculations indicated that (28)is a
reasonably good approximation.
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Pe 1/2 _ (P 1/2 l: _ <‘&>1/2:|
[n(n,tf = 0)] - <po> Tt Po X
(372 — 37* + %] (28)

where 7 = 7/7s, and 93 is the value of # where y = 6 in
the plane z = 0.
With Eq. (28), it follows that

L) ] - G0 Go) )

[ln<100 “;—“"ﬂ (29)

Therefore (27) reduces to

uealcz
Ve

r =z +
fs—zi ds
0 0
— (30)
()T e Tl =]
35 Ue

Figure 3 presents the variation of the physical length
parameter,

/
(& — ) (19) [1 416 (—p—) ]
e
agﬁ b ds

for various flight conditions and initial velocities at the axis.
Tt is observed that, when 4s > €%, Eq. (24) reduces to

(e — )/ (ue — o) = (¢/25)e /AN 8L

which has the well-known axisymmetric character. Al-
though (31) is given in terms of (s,5,0), it is expected that
the results also should be valid in the physical plane, since
the distortion of the isovels due to variations in density is
small when s > 1.0. Therefore, the result that, in an in-
compressible flow, a wake with any degree of initial eccen-
tricity ultimately degenerates to an axisymmetric configura-
tion and mode of decay also is valid for a compressible flow.

The distance required for the ellipticity (e) to decay to a
specified value may be obtained by using (28) and a similar
equation for p(n = 0,¢), namely

e 1/2 _ <&>1/2 [ _ <&>1/2]
[P("l = O,U)] h Po k Po x

[362 — 35* + 3°] (32)

where & = o/04s, and o5, is the value of ¢ when z = § in the
planey = 0.
With
7o = (1 4 45) In{100[(u, — u)/u.]} (33a)
and

os = (& + 45) In{100[(ue — w)/w.]} (33b)
it follows that
1+ lg(pe/;f>o)1/2:l
_ 1o Z_1 19 e/
51 alc (1 + 48) 2[1 + ’}‘%(Pe/POc) 1z

In{100{(u. — wo)/u.]} T2
[[ln{mo[m - u%)/ue]}] 34

and

s = &i[(e2 + 4s)/(1 + 45) |12 (35)
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Fig. 4 Physical length parameter for turbulent flow

The ratio of the thicknesses in terms of s given by (33) is
independent of explicit density effects. The influence of
compressibility appears in the distortion of s(z) given by
Eq. (27).

Since the eccentricity (e) is defined by

o=l — (3/3)2)1 (36)
it follows that
s = (g2 — e?)/4e? e, = (1 — )2 (37)

Equation (37) gives the distance (s) required for a wake
with an initial eccentricity e. to decay to a wake with an
eccentricity e.

B. Turbulent Flow

For fully turbulent flows, it is assumed that the eddy vis-
cosity €, is at most a function of the streamwise coordinate.
To obtain an estimate of the change in the streamwise scale
due to turbulence, a relation of the following form is pro-
posed for the eddy coeflicient of viscosity:

€, = Kp,(28,) (1, — uo) (38)

where 8, is the minimum transformed viscous layer thick-
ness, namely

Om = (Lye/ue)]math (39)

It is noted that 6, = 6. when p = const.

This eddy viscosity model properly represents the limiting
cases of two-dimensional and axisymmetric flows. (It is
considered to be more reasonable in this regard than the
model posed in Ref. 1.)

With Eqgs. (26, 29, 38) and the assumption that the laminar
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viscosity is negligible compared to its turbulent counterpart,
it follows that

T — .
O1c

fs B"_( Ue > ﬁ
LI Ue — Up [2F%

40)
33 16/ o 1/2][ w = uoc>]”2 (
35 Kl:l + 9 (pog> In{ 100 ——~ue

where (u, — uo)/u. = [(ue — uo.)/ ()]0, and o s is given by
Eq. (33b).

Relation (40) is independent of Reynolds number. In the
absence of experimental evidence on the appropriate evalua-
tion of p,, 1t is assumed that

/e = %11/ po.) + (1/p2)] (41)

On this basis (40) indicates that compressibility increases
the streamwise scale. Indeed, one can write

(x — Z¢)compressible _ _3:5 1 + o./p0c)
(* — Zc)incompressible 38 [1 + %g (pe/ poc) 1]

The right-hand side of (42) is greater than or equal to
unity for p./pe. > 1.0. For example, for p./p0. = 9.0, the
ratio is 2.61.

Figure 4 presents the variation of the physical length
parameter

(@ — 2)/8 1K (p,/ ) 111 + 16 (pe/ poc) ]

for various values of ug, and e.
Finally, it is noted that the conclusions concerning Eqs.

(42)

ATAA JOURNAL

(31-37) for laminar flow can be carried over to the turbulent
case. However, Eq. (40) must be used to determine the
physical length (z — z.).
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